Stochastic gravitational waves can be produced during the preheating when outof-equilibrium particles are produced with an anisotropic stress-tensor. We discuss the case where these particles carry spin-3/2. We compute the spectrum of the gravitational waves generated by the transverse and longitudinal components. We find a different scaling of the spectrum near the peak and the longitudinal components lead to an enhancement when compared to spin-1/2 fermions with Yukawa couplings. We note, as expected, that the corresponding typical frequency is too high for the current observation and calls for ultra-high frequency gravitational wave detectors in the future.
Introduction
The detection of gravitational waves from astrophysical sources [1] is another successful test of general relativity [2] . It gives rise to a growing interest in new possible gravitational wave detectors with also the hope of discovery of new sources that may be of cosmological nature, for example [4] . While apparatus like [3] can detect such corresponding gravitational wave at low frequency, there are cosmological sources that lead to signals at higher frequencies. Examples are gravitational waves produced during the preheating era [5] . New experiments need to be designed to detect them (e.g. [6] ).
Here, we are interested in systems of quantum gases with large anisotropic stress tensor that produce stochastic gravitational waves [7] . These are expected to be present during preheating when particles are violently produced far from thermal equilibrium [8] . Previous studies have focused on bosonic sources including both scalars and gauge bosons [9, 10] as well as Dirac spin-1/2 fermions [11] . In this work, we study the gravitational wave signals coming from non-adiabatic spin-3/2 gases.
No fundamental spin-3/2 particles is known in Nature, but composite states are produced as hadrons. It is not easy to write consistent Lagrangian for fundamental spin-3/2 with minimal coupling to gauge boson that would would make them strongly interacting with known particles and allow them to be detected easily. A major difficulty is the Velo-Zwangizer problem: when minimally coupled to electromagnetism, the longitudinal mode, i.e. helicity ± 1 2 -states, have non hyperbolic equations of motion that lead to non-causal propagation [12] . One is then led to either consider non-minimal couplings or spin-3/2 states with gravitational interactions. In the latter case, it is well known that the longitudinal mode can be understood as due to a super-Higgs mechanism. In a non-unitary gauge and in the supersymmetric phase, the longitudinal mode is a well-behaved fermion that has a causal behavior and therefore the Velo-Zwanziger problem is not expected to show up in supergravity and string theory, for example [13] .
As our main candidate for a fundamental spin-3/2 particle is the gravitino that has only gravitational interactions, it is important to search for experiments and observations that are sensitive to such interactions. Here, we will investigate the features: shape, amplitude and peak frequency of gravitational waves that are produced during pre-reheating. Our aim is to compare them to other signals due to particles with different spins in order to investigate if the signals can in principle be distinguished if experiments become sensitive to the expected frequencies and amplitudes in the future. Looking for signatures of spin-3/2 fundamental particles in the early universe is another way to search for supersymmetry signatures. The raised question is also: if supersymmetry does not show up at collider experiments, could it still be an important ingredient of early universe cosmology? Here we wish to study one way how it could affect the production of gravitational waves. Section 2 reviews the basics facts about Rarita-Schwinger description of spin-3/2 fields. Section 3 presents the computation of the spectrum of energy density of gravitational waves per frequency interval. It contains the main results of this work: master formula for the estimate of produced gravitational waves from both of transverse and longitudinal modes. We show an enhancement of the latter compare to expected signal from spin-1/2 fermions. A quantitative evaluation requires explicit examples where wave-functions of the produced spin-3/2 states can be computed. We illustrate our results in a simple model in section 5. Our results are briefly summarized in the conclusions.
The Rarita-Schwinger fields
In order to describe a spin-3/2 field, one starts with a ψ µ in the spinor-vector representation of the Lorentz group that obeys a Dirac equation. Using representations of SU (2) L × SU (2) R for Weyl spinors, this is obtained from tensor product of spin representations as:
and two constraints have to be imposed in order to project out the two additional spin-1/2 representations. In flat space time, the spin-3/2 field ψ µ obeys then the equations:
These can be obtained from the Rarita-Schwinger Lagrangian:
In the momentum space, the solutionψ µ to above equations of motion reads:
where 1, 1 2 , l, s 2 | 3 2 , λ are the Clebsch-Gordan coefficient in the decomposition (2.1) in the standard notation. The µ p,l and u p, s 2 are normalized solutions of massive spin 1 and spin-1/2 fields equations. Explicit expressions of the decomposition can be found in [14] [15] [16] . Using the identity
the Lagrangian (2.5) can be written as:
The symmetric stress-tensor can be derived as:
where in the last step we used the equations of motion and constraints (2.2-2.4) to eliminate irrelevant terms. The Majorana spin-3/2 fields are quantized: where the annihilation and creation operators are time-independent and satisfy
3 Gravitational wave production Here, we will compute the spectrum of energy density of gravitational waves produced by a gas of spin-3/2 states. We will be considering wave-lengths in the sub-horizon limit, the effects of curvature and torsion can be neglected. The gravitational waves can be described as linear tensor perturbations, here in the transverse-traceless (TT) gauge, of the Friedman-Robertson-Walker (FRW) metric:
where τ is the conformal time. The linear perturbation part of Einstein equations lead to the gravitational wave equations of motion:
where the dot (.) stands for derivative with respect to the conformal time τ , H =ȧ a is then the comoving Hubble rate, and Π T T ij is the TT part of the anisotropic stress tensor. In order to avoid manipulating non-local projection operator in configuration space, we perform a Fourier transform of the stress tensor T µν in terms of comoving wave-number k. Then −∇ gives k 2 = |k| 2 and we can write
where P is the background pressure and Λ ij,lm is the TT projection tensor:
We assume the stochastic gravitational background to be isotropic, stationary and Gaussian, therefore completely specified by its power spectrum. For the subhorizon modes k H, the spectrum of energy density per logarithmic frequency interval can be written as [10] :
where Π 2 (k, t , t ) is the unequal-time correlator of Π T T ij defined as:
and ... denotes ensemble average. To make Eq. (3.5) from massive particles non-zero, we expect the time-dependence of the wave-function to vary non-adiabatically with frequencies which we will discuss in the next section. We restrict to situation where m 3/2 H in which case we can use flat limit quantization. We choose to parametrize the time dependence by writing the spinor wave-functions as functions of time while keeping the vector polarizations µ p,l constant:
where we defined: We first consider the Hamiltonian of the fields, which is the space integral of the T 00 component of the stress tensor (2.9):
where in the second line the second term of Eq. (2.9) vanishes since we can do the integral by part leading to the constraint Eq. (2.4). In the last line, we used the property µ p,l * µp,l = δ l,l and χ † s (p)χ s (p) = δ s,s . The two spinors are defined as:
Substituting Eq. (3.10) into Eq. (3.9) doesn't give a diagonal form in terms of annihilation and creation operators. Thus we need to do the Bogoliubov transformatioñ
to make the Hamiltonian (3.9) diagonal:
where p = |p| and α 
We also get a time-dependent physical vacuum satisfyinĝ
We next consider the sources of the gravitational waves. Plugging the mode decomposition (2.10) into Eq. (3.3) leads to
where k is the momentum mode of the gravitational wave and Notice that (3.4) implies that Λ ij,lm k l = Λ ij,lm k m = 0, which removes the linear k dependence from ∂ m in the first line of Eq. (3.15), similar to the case of scalars or spin-1/2 fermions [11] . However, in the second line of Eq. (3.15), ∂ µ leads to non-vanishing k µ contracting with µ p,m , which is an important property of spin-3/2 gases.
The annihilation and creation operators lead to 2 4 = 16 combinations among which only one contributes to non-trivial results:
The two terms inside the brackets in (3.16) come from the Majorana nature, assumed for the spin-3/2 fields, and lead to the same results.
It is convenient to define: p = p + k.
(3.17)
We now turn to the unequal-time correlator and write it in terms of 4-spinors:
We separate the calculation into two parts, λ, λ = ± 3 2 and λ, λ = ± 1 2 , since the gravitational waves considered are produced mainly by relativistic states and the different helicity states in general are produced differently (see e.g. for gravitinos [17, 18] ).
We first consider the case of λ, λ = ± 3 2 . Such a restriction can be thought as working in the massless limit for the spin-3/2 state. For a gravitino, this is the high energy limit before the spontaneous breaking of supersymmetry. The mode decomposition (3.7) reads:ψ
We calculate the corresponding unequal-time correlator (3.18):
where θ(θ ) is the angle between k and p(p ) and
22)
There is no final dependance on p and θ as these are expressed before integration as functions of p, k and θ: p = p 2 + k 2 + 2kp cosθ, θ = arccos( p cosθ + k
We also defined:
to isolate kinematical factors from parts containing the wave-functions. An important step before extracting a quantitative result is to remove the ultraviolet divergence in the momentum integral of the unequal-time correlator (3.21) . The regularized operator is built from the non-regularized one by subtracting the zero point fluctuations. Since at each time t the physical vacuum is different, we should use the time dependent vacuum defined in Eq. (3.13):
(3.25)
In the second line, we introduced an operatorÕ(t) in which all the fields are defined after Bogoliubov transformations. We follow [11] where it was proposed, for an operator formed by products of several bilinear spinor fields, the regularized operator can be written by simply dressing the wave-functions by the occupation number:
Through the use of the regularized wave-functions:
we get an effective ultraviolet cutoff as particles are not excited when occupation numbers vanish.
For λ = ± 1 2 , the mode decomposition (3.7) is more involved: 
Here, we defined:
The integral in Eq. (3.30) has only contributions from spin-3/2 states in the relativistic regime. This is a limit where the equivalence theorem for gravitinos shows that the couplings of their helicity-1/2 components are enhanced with respect to the helicity-3/2 ones [19] [20] [21] . We expect them to produce stronger gravitational wave signals. One can compare K ( 1 2 ) (3.31) to K ( 3 2 ) (3.22) and the dependence for spin-1/2 fermions. The latter was found in [11] to scale like p 4 sin 3 θ.
Finally, we plug (3.30) into the sub-horizon spectrum (3.5) . Taking into account of the background evolution, we get
k,p (t ) (3.33) parameterize the spectrum of helicity-1/2 component. Then, (3.32) is the master equation for gravitational waves produced from non-adiabatic spin-3/2 gases.
Spin-3/2 state produced during preheating and gravitational wave spectrum
The knowledge of the wave functions u (|λ|) p,± is necessary in order to extract quantitative results for the expected gravitational waves spectrum. We consider here the production of gravitinos during preheating in order to illustrate our results through an simple but explicit toy model example.
Processes that produce gravitinos in early universe can be separated in two classes: thermal and non-thermal. Unless they are more massive than the reheat temperature, gravitinos can always be thermally produced in scattering of the particles in the thermal bath [22] . A non-thermal case is provided for example when gravitinos are produced during preheating by the conversion of the energy stored in the coherently oscillating scalar field. As this processes is non-adiabatic, it provides a possible framework for production of gravitational waves. For our purpose, we consider the case where supersymmetry breaking by the F -terms always dominates the one from the inflaton (i.e. the curvature). This insures that H m 3/2 which allows to neglect curvature when discussing the production of gravitational waves as we have assumed in the previous section.
We consider the case of generation of gravitational waves by longitudinal modes of gravitinos. In an FRW background, the corresponding equations of motion can be written in the form [17, 18] :
where we have omitted the label 1 2 and a is the conformal factor in (3.1). The functions A and B satisfy A 2 + B 2 = 1.
As initial condition, u
p,± satisfies vanishing occupation number condition in Eq. (3.12). Since the wave-function is isotropic, without losing generality, we take the momentum p to lie along the z-direction. Following [18] , we define: 2) and the equation of motion (4.1) becomes:
A simple example for the production of longitudinal modes from the oscillation of a scalar field is the Polonyi model studied in [23] . The corresponding Kähler potential and superpotential were chosen to be:
where z is the Polonyi field. An estimate of the mass order near the minimum is
Here means in particular that we neglect the higher order terms suppressed by M P l and tune the cosmological constant to almost zero. Requiring Λ M P l leads to m z m 3/2 . It is also assumed that the F -term of z doesn't contribute to the Hubble expansion but large enough to lead to a gravitino mass that satisfies: 7) in agreement with previous section assumptions, in particular the background curvature can be neglected and we can use the flat space quantization. It was shown in [23] , even in this limit, the Polonyi model contains a non-trivial source term θ(t) in Eq. (4.3) to produce helicity-1/2 gravitino:
where δz = z − z 0 is the displacement of z from its value z 0 at the minimum of the the scalar potential. In order to estimate the production of longitudinal modes of the gravitino, we need their couplings to δz. This is contained in the corresponding equation of motion (4.3):
We can see that (4.9) for helicity-1/2 gravitino resembles the form of that of spin-1/2 fermions produced non-adiabatically from Yukawa coupling with a coherently oscillating scalar in the quadratic potential. The effective Yukawa couplingỹ, required to be smaller than 1, reads:ỹ
where F = √ 3m 3/2 M P l is the supersymmetry breaking scale. According to [24] , the fermion production in this case is expected to fill up a Fermi-sphere with comoving radius:
where q is the resonance parameter and z I is the initial vacuum expectation value (i.e. where inflation ends) of the Polonyi field. Thus one expect the spectrum of helicity-1/2 gravitino and Eq. (3.33) in this model to be similar to the spin-1/2 fermion cases considered in [11] . Outside the Fermi-sphere, the occupation number decreases exponentially. Thus one can expect the peak of the gravitational wave spectrum corresponds to the radius of Fermi-sphere k p ∼ k F , which in the present leads to the characteristic frequency:
f p 6 · 10 10ỹ 1 2 Hz. (4.12)
One can see from above and Eq. (4.10) that the validity of the effective field theory require the frequency to be below 10 10 Hz. The present amplitude at f p can also be estimated by using the results of Dirac spin-1/2 time the enhancement effect
where a I and a * are the scale factor at initial time and the end of gravitational wave production. We assumed an order 10 increase for scale factor in the last line. The relation between the amplitude and the peak frequency is shown in Fig. (4.13 ). If we take z I = 10 −3 M P l , m z = 10 10 GeV, we get that the amplitude at peak frequency 3 · 10 9 Hz is 7.3 · 10 −16 . For a peak appearing at lower frequency, the amplitude is too small to be observed due to the power 12 in Eq. (4.13). For very large value of z I mz , one can consider that the low frequency tail gets enhanced enough to become observable at lower frequency detector. Near the peak, the dominant part of K , which makes the spectrum (3.32) go as k 5 . In the lower frequency, the spectrum becomes k 3 , thus scaling again like the spin-1/2. These two different scaling behavior is a feature of gravitational wave spectrum produced from spin-3/2 particles, which is quite model independent due to the presence of a filled-up Fermi-sphere.
Conclusion
The gravitational wave signals from spin-3/2 fermions are especially interesting since the latter are the only missing piece in the nature with spin between 0 and 2. Moreover, their presence can be a smoking gun for supersymmetry playing a role in the early universe. The non-adiabatic production of helicity-1/2 gravitino takes the similar form as spin-1/2 fermions non-adiabatically produced from coherently oscillating scalars with quadratic potential. Thus it fills up a Fermi-sphere in the occupation number. The corresponding comoving radius governs the position of the peak frequency of the gravitational waves. Their spectrum has two main differences compared to the one from spin-1/2 fermions. First is that the order of the amplitude gets enhanced by a factor of . Second, the stress tensor of spin-3/2 state contains a term proportional to the gravitational wave mode k, while for scalars and spin-1/2 fermions, the k dependence is projected out by the projector Λ ij,lm (k) on tracelesstransverse modes. Thus one could expect a k 5 dependence for the gravitational wave spectrum near the peak. The observed window for gravitational wave, like most preheating scenario, lies at very high frequency, around 10 9 Hz in our simple example, which calls for the design of new experiments like [6] . We leave for future work investigating further examples.
